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1. Introduction 
The infinite product under discussion originates from the following geo-
metrical construction. Draw a circle of unit radius, and circumscribe it 
with an equilateral triangle. Oircumscribe the triangle with another circle, 
and circumscribe the second circle with a square. Oontinue with a third 
circle circumscribing the square, and circumscribe this circle with a 
regular pentagon. Repeat this procedure indefinitely, each time increasing 
the number of sides of the regular polygon by one. The circle grows 
continually but tends to a definite limit, and it is easy to show that the 
radius P of this limiting circle is given by the following infinite product: 
(1) P = IT cos ~ 00 ( )-1 
n=3 n 
According to KASNER and NEWMAN [1], P is approximately equal to 12, 
and this value was also mentioned in a recent column on recreational 
mathematics [2]. Remarkably, however, the true value of P is much 
smaller, namely, 
(2) P = 8·7000 3662 5208 1945 .... 
In passing, it may be shown [1] that the reciprocal of P, viz., 
(3) p-1 = 0 ·1l49 4204 4853 2962 ... , 
is equal to the radius of the limiting circle if, in the construction above, 
the circumscribed circles and polygons are replaced by inscribed ones. 
So far as I know, a "closed" expression for P is not available and, in 
my opinion, is not likely to exist. If one wishes to evaluate the universal 
constant P to as many decimals as shown by (2), one has to do a little 
thinking, because the defining infinite product (1) is very slowly convergent. 
I shall evaluate P by two different methods. The first can be followed 
on a desk calculating machine and is based on existing numerical tables 
of Riemann's zeta function. The second method requires an electronic 
computer; here I used the IBM 1620 of the Technological University 
Eindhoven. 
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2. First method 
By using cos x = f(2x)/f(x), where f(x) = (sin x)/x, we get 
Each factor of this infinite product can be expanded in an infinite product, 
and we then obtain a doubly infinite product: 
(4) 2:n;P = IT (1 - 2( 1 1 )2) . 
m.n-l m n+ 2 
Taking the logarithm of both sides of ( 4), expanding the various logarithms 
in power series, and changing the order of summation, we find 
00 00 
log (2P/:n;) = 1 k-1 1 m-2k(n + i)-2k. 
k~l m.n~l 
Now, the double sum is equal to the product of two well-known series 
associated with Riemann's zeta-function, 
00 00 
C(s) = 1 n-S , A(S) = 1 (2n+1)-S = (1-2-S) C(S). 
n~l n-O 
Accordingly, we have 
00 
(5) log (2P/:n;) = 1 k-1 C(2k) 22k[A(2k) -1]. 
k~l 
Since accurate tables of C(2k) and A(2k) are readily available [3] and 
the infinite series (5) converges as 1k-1(4/9)k, it is easy to evaluate (5) 
to 20 decimals, say. However, it is more convenient to first transform 
the series into one (see eq. (6)) that converges much faster, namely as 
1k-1( 4/81 )k, as follows. 
We start with 
cos (:n:cx/2) = IT (1 _ 1X2 ) 
1-1X2 n=l (2n+ 1)2 
and take the logarithm of both sides. Then, if - 3 < 1X < 3, we have 
In particular, taking 1X = 2 and 1X = 1, we get 
00 
log 3 = 1 k-1 22k[A(2k) -1] 
k~l 
and 
00 
log (4/:n;) = 1 k-1 [A(2k) -1], 
k=l 
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respectively. Combination of these two series results in 
ex> 
log (12Jn) = I k-1 (22k + 1) [J.( 2k) -1], 
k~l 
and if this is subtracted from (5) we obtain the desired series: 
ex> 
(6) log (PJ6) = I k-l[J.(2k) -1] 22k[C(2k) -1- 2-2k ]. 
k~l 
As mentioned, this series is very adequate for evaluating log (PJ6) to as 
many as 20 decimals by use of the tables already referred to [3]. Rounded 
numerical values of the first 14 terms needed are shown in table 1. 
TABLE I 
showing the numerical values of the successive terms of (6) 
0·36918 52347 59781 55370 
232 77284 07274 97379 
5 30382 37128 25637 
16993 33953 22416 
628 65352 71205 
25 05199 71334 
1 04304 74887 
4467 78677 
195 19272 
8 65281 
38790 
1755 
80 
4 
Addition of these 14 terms gives 
log (PJ6) = 0·37156776621766722087, 
where the last two digits are, of course, uncertain. Exactly the same 
result was obtained on the IBM 1620, after storing the relevant values 
of J.(2k) -1 and C(2k) -1, by floating-arithmetic subroutines based on 
20 decimal digits in the mantissa. With suitable radix tables of the loga-
rithmic function and some further manipulation, I obtain 
P = 8·7000 3662 5208 1945 04, 
where the last digit is believed to be correct to one unit. Hence, eqs (2) 
and (3) follow. 
3. Second method 
In this era of fast electronic computers, one might attempt a direct 
evaluation of the infinite product (1), that is, by successive multiplication 
of its factors. Such an approach is, of course, quite possible but highly 
impractical in virtue of the slow convergence. To illustrate this, let 
PN = IT (cos :!:)-l. 
n~3 n 
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I find the rounded values 
P50 = 7 . 88996, PlOO = 8·28314, 
P 200 = 8·48852, P 250 = 8·53032, 
and 
P575 = 8·62563, 
where the second digit is still wrong: P 00 = 8·7000 .... 
I shall now indicate how the infinite product (1) can be transformed 
into other ones that converge much faster. 
The basic idea is to approximate cos (:rr;/n) for n large by a simple 
function g(n), such that II g(n) can be evaluated in closed form and 
II {g(n)/cos (:rr;/n)} converges fast. For we then may write P=RQ, where 
R = fr (g(n))-l , Q = IT g(n) . 
,,=3 ,,=3 cos (:rr;/n) 
For example, taking g(n) =gl(n) = 1-:rr;2/2n2, corresponding to the first 
two terms in the power-series expansion of the cosine function, we have 
and 
(7) 
R = R(l) = (1-:rr;2/2) (1_:rr;2/8):rr;2/V2 = 10.0131 9247 ... , 
sin (:rr;2/V2) 
Q = Q(l) = IT 1-:rr;2/2n2. 
,,=3 cos (:rr;/n) 
Let QN(l) denote the partial product of Q(l) if N factors are taken into 
account. Numerical values are shown in table II. It is seen that about 
100 factors suffice to give P correct to 5 significant digits. Almost 9 digits 
are correct in the approximation to 1000 factors. It should be noted that 
R(l) is an upper bound to P, and that R(l)QN(l) converges monotonically 
to P from above as N tends to infinity. 
TABLE II 
showing numerical values of the partial products in (7) 
N QN(l) R(l) QN(l) 
1 0·90337 72888 9·0456 9067 
10 0·86946 83517 8·7061 5395 
20 0·86896 10921 8·7010 7466 
30 0·86889 17416 8·7003 8024 
40 0·86887 27568 8·7001 9015 
50 0·86886 55550 8·7001 1803 
100 0·86885 85167 8·7000 4756 
200 0·86885 75665 8·7000 3804 
300 0·86885 74674 8·7000 3705 
600 0·86885 74303 8·7000 3668 
1000 0·86885 74261 8·7000 3664 
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If we take three terms of the power-series expansion, that is, 
g(n) = g2(n) = 1 - 2n~2 + 2::4 = {I - (6 + ;;3) n 2}{ 1 - (6 _ ;~) n 2}' 
we find 
R = R(2) = (1-n2/2+n4/24) (1-n2/8+n4/384) n4/V24 
sin [n2/V 6 + 2 V3] sin [n2/V 6 - 2 Y3] 
= 8·6635 3963 7833 ... 
and 
(8) Q = Q(2) = IT 1-n2/2n2 + n4/24n4 n~3 cos (n/n) 
For numerical data, see table III. In this case 100 factors more than 
suffice to get P correct to 10 digits. By taking about 600 factors in (8), 
I find P approximately equal to 
8·700036625208 16 
the first 14 digits of which agree with those of P in (2). Note that R(2) 
is a lower bound to P, differing from P by less than 0·4 per cent, and that 
the partial product R(2)QN(2) converges monotonically to P from below 
as N tends to infinity. 
TABLE III 
showing the first few digits of the partial products of N factors of (8) 
N partial product 
1 1·00359 
2 1·00405 
3 1·00415 
4 1·00418 
5 1·00420 
10 1·00421 18198 
20 26641 
30 27034 
40 27089 
50 27101 
100 1·00421 27108 19682 
200 42602 
300 43284 
To obtain a still faster convergent product, I finally take 4 terms in 
the power series of the cosine function: 
The corresponding polynomial 
720 x3 - 360x2 + 30 x-I 
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now has one real and two conjugate-complex zeros, which will be denoted 
by c2, (a+ib)2, and (a-ib)2, respectively, where a, band c are all positive. 
Then 
(9) 
and 
(10) 
I find 
a= 0·22982016073057029322, 
b = O· 07542963239998521977, 
c = 0·63698 08838 03857 54891. 
Using these values and evaluating (9) by subroutines based on floating 
arithmetic with 20 digits in the mantissa, I further obtain 
(11) R(3) = 8·7007 0559 0079 50 ... 
to 15 significant digits. That 20 such digits cannot be obtained is due to 
loss of significance in some of the terms of (9), especially g3( 2) and sin (cn2), 
which have 3 and 2 leading zeros respectively: 
g3(2) = -0·00089 45229 98474 77459, 
sin (cn2) = 0·00356401947554349735. 
On the other hand, no serious loss of significance occurs in the evaluation 
ofthe infinite product (10); for numerical data, see table IV. Accordingly, 
TABLE IV 
showing the first few digits of the partial products of N factors of (10) 
N partial product 
1 0·99992 91306 
2 40874 
3 33460 
4 31847 
5 31395 
10 0·99992 31144 33230 
20 31137 33258 
30 22589 
40 21845 
50 21741 
100 0·99992 31137 21711 04080 
150 21710 77547 
200 76034 
250 75844 
300 75803 
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I find 
Q(3)=0·9999 2311 3721 710758 ... 
and, by multiplying (11) by (12), the approximation 
P = 8·7000 3662 5208 1943, 
which differs from the correct (2) by two units of the 16th decimal. 
In conclusion, there is no doubt that- the first method is superior to 
the second method. For example, it would not be too difficult to extend 
the calculations of the first method to 50 or 100 decimals, say, using the 
variable-world-length feature of the IBM 1620 after storing the known 
many-decimal values of the zeta and lambda functions. 
Eindhoven, September 1964 
Philips Research Laboratories 
N. V. Philips' Gloeilampenjabrieken 
and 
Department oj Mathematics 
Technological University 
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